C(A'*)-COVER AND C(A'*)-ENVELOPE 



TAHIRE OZEN AND EMINE YILDIRIM 

Abstract. Let R be any associative ring with unity and X be 
a class of i?-niodules of closed under direct sum (and summands) 
and with extension closed. We prove that every complex has an 
C(A'*)-cover (C(A'*)-envelope) if every module has an A'-cover {X- 
envelope) where C{X*) is the class of complexes of modules in X 
such that it is closed under direct and inverse limit. 



1. Introduction 

Definition 1.1. (X* — complex ) Let X he a class of R-modules. A 
complex C : . . . — > C"-^^ — > C" — > C"-^^ — > . . . is called an 
X* — (cochain) complex if E X for all i E Tj. A complex C . . . . — > 
Cn+i — Cn — > Cn-i — > . . . is Called an X* — [chain) complex if 
Ci E X for all i G Z. The class of all X* — complexes is denoted by 
C{X*). 

Definition 1.2. Let A be an abelian category and let y be a class of 
objects of A. Then for an object M E A a morphism (f> : M — )■ X 
where X Ey is called an y-preenvelope of M, if f : M — > X' where 
X' E y and the following diagram 

M — ^ X' 



X 

can be completed to a commutative diagram. 

If when X = X' and the only such g is automorphism of X , then 
(f) : M — > X is called an y -envelope of M. Dually it can be given an 
y-precover ( coverjof M . 

Definition 1.3. (4^-injective complex ) (\T\)A complex of injective 
modules is called ^-injective complex. 
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In [2] and [5], respectively, it is proved that if i? is a noetherian ring, 
then every complex of i?-modules has a #-injective cover and if R 
is a Gorenstein ring, then every bounded complex has a Gorenstein 
projective precover. Using the proof of Lemma 7 in [3], we give a 
generalization of |2j and [3]. (See |1] and [5] for the other definitions 
and concepts.) Throughout the paper X denotes a class of /^-modules. 

2. General Results 

Lemma 2.1. Let for all n G — > Pn — > X„ is an X — precover 
of X„. Then we have a monic chain map — > P — )■ X where 
P : ... ^ P2^ Pi^ Po^ ... and X : ... ^ X2 ^ Xi ^ Xo ^ ... . 

Proof. It is trivial. □ 

Theorem 2.2. Let every module have a monic X — precover (or an 
epic X — preenvelope) then every complex X has a monic C{X*) — 
precover (or epic C{X*) — preenvelope). Moreover if every module has 
a monic X — cover (or epic X — envelope), then every complex X has 
a monic C{X*) — cover (or epic C{X*) — envelope). 

Proof. Let X be any complex and — )■ P„ — )■ X„ be an A'-precover of 
Xn- By Lemma 2.1 there exists a complex P : ... ^ P2 ^ Pi ^ Pq ^ 
... such that -> F — )■ X is a chain map. Let P' : ... ^ P2 ^ P{ ^ 
Pq be any A'*-complex and /' : P' — > X be a chain map. Then 
we have the following diagram as follow: 




n+l n >/ n— 1 



where since P' is an X* — complex and /' : P' — y X be a chain map, 
we can find 9n : P^ — > Pn for all n E Z such that fn9n = f'^. 
Since /' is a chain map, f'n^n+i = /^n+i/n+i; for all n e Z. Now we will 
show that ^ is a chain map. Since /„ is a chain map, 

fn^n+l = f^n+lfn+l, fn^n+l^n+l = f^n+lfn+lOn+1 = f^n+lfn+l = 
/n+l^n+1 ~ fn^n^n+l 

Since /„ is 1 — 1, Xn+idn+i = dn^n+i- So is a chain map. Let 
— 7- P — 7- X be a monic chain map such that — > Pn — > Xn is 
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a,n X — cover of Then — > P — > X is an C{X*) — cover of X. 
Because we have the following diagram: 




We can find that for all n G X, 9^ is an automorphism. By the proof 
above ^ : P — )■ P is a chain map such that f9 = f. Since for all 
n e Z, ^„ is a automorphism, 9 is an automorphism with f9 = f. 
So — > P — > X is a cover of X. Dually we can find a C{X*) — 
preenvelope{envelope); X — > E — >■ 0. 

□ 



Lemma 2.3. Let X he closed under finite sum. If every module has 
an X-precover, then every hounded complex has an C{X*)-precover. 

Proof. Let ... — V E[ ^ E'^^ ^ Xq — > be a minimal X -precover 
resolvent of Xq. Let A be an A'*-complex and ^ e Hom{A,X{{))) 
where X(0) : ... — > — > Xq — > — > — > .... We have the 
diagram as follow: 



Ao 



4>o 



where ^o^^o = and XqQi e Hom{Ai, Ker(l)o). Then there exists 
Ai e Hom{Ai, E[), since E[ — > Ker(f)o is a precover and similarly we 
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can define A„ e Hom{An, E'^) such that fn^n — A„_ia„. Thus, E' : 
... — > E'^ — > E[ — > E'f^ — >0 — >0 — > ... is a C(A'*)-precover of 

X{0). Let X{n) : ...0 — > ... ^ Xi Xo — >0 — >0 — > 

.... We will use an induction on n to prove that X{n) has a C{X*)- 
precover. We proved that X{0) has a C(A:'*)-precover above. Suppose 

that D{n) : ... — y At+i At — > •••• — > Di Dq — > be a 
C(A'*)-precover of X{n) such that 



dn+l 



x„ 



4>o 



X, Xo 



Let E, = ... ^ E2 ^ El % Eq ^ ^ ^ ... is a precover of 
Xn+i where to : Eq ^ ^n+i is a precover of Xn+i. Then we have the 
following commutative diagram: 



E, — ^ D{n) 

<t> 

Xn+i X{ri) 



where £n+i ■ X^+i — > X^. Since : D{n) — > X{n) is a C{X*)- 
precover of X(n) and E, e C{X*), we have a morphism v : E, — > D{n) 
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where 



D{n) = ... 



E2 ^ El ^ Eq 



V2 



dn+2 



n+1 



dn 



...(1) 

where 0„i^o = C+i^o---(*)- 

Let C be the mapping cone ol v : E» — )■ D{n). So we have that 
C = ... ^ D„+3®^2 ^ D^+2®Ei ^ D^^i®E, '-^ D{n) 



Dn-l 



Di — > where 



Xn+i{x,y) = dn+iix) + uo{y) 



and for A; > 2 



Xn+k{x,y) = {dn+k{x) + Vk-iiv), -tfe-i(y)). 



We show that C — )■ X{n + 1) is an C(A'*)-precover of X{n + 1). Let 
A e C{X*) where 



A = ... 



X{n + 1) 



A o . A 



O.n+1 . 

^ 



0n+l 



^ 
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Then we have the following diagram: 



yn+2 



■n+1 



n+1 



{0,to) 



Firstly, wc will find 6n+i such that Xn+idn+i = Ondn+i and (0, to)^n+i = 
Pn+i- We know that 0„A„+i = £„+i(0,to) by (*). Since : An+i — )■ 
Xn+i and An+i € X and to '■ Eq — > Xn+i is an A'-precover of 
there exists r : A^+i — > Eq such that /3n+i = tor. 
Claim: Let L'' = Ker{D{k) X{k)) where A; e {0, 1, ...,n} and then 



E'^Jl^ Ker(j)o 



L" : ., 
Ker(f)i 



dn+2 „ dn+l , 

> Dn+1 > Ker(pr, 



Ker(j)Q — > 



An+2 



^ Ker(j)n-i — )■ 
and also : ... — )• £)„+2 © Ei 
Xer^n-i — >^ ... — >■ Ker(l)Q — >■ — >^ 
... where E, — ... — > E2 Ex Eq — )• (where Eq is in the 
nth place) is an C(A'*)-precover of Xn+i. We claim that for every 
5" e C{X*), Hom{S, L^) is exact where k e {0, 1, n,n+ 1}. 



Since : ... 



/2, 



E[ — > Kercpo — > 0, for every A'*-complex S, 
... — > Hom^SjE!^) — > Hom{S, E[) — > Hom{S, Ker4>Q) — > is ex- 
act. So, Hom{S, L") is exact. It is enough to prove that if Hom{S, L") 
is exact, then Hom{S, L"+^) is exact. We have the following diagram 
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between L" and L'^'^^: 

dn+2 



■■■Dn+2 — 

(1,0) 



D. 



dn+l 



n+1 



Ari+2 



(1,0) 



Dr^+i e Kerto 



An 



+1 



Ker(t)n 



Therefore we have a spht exact sequence — )■ — )■ L^^^ — )■ 
^ ^ where ^ ^ .... ^ E2 — > — > Kerto — > 
which is Hom{X* — complex,—) exact since ... — > E2 — > Ei — 
Eq — y Xn+i — > is a minimal A'-resolvent. Since Hom{S, L^) and 
Hom{S, ^jn-) are exact, so Ho'm{S, L^~^^) is exact. 

Since i?om(A„+i, L") is exact where A^+i E X, Hom{An+i, D^+i) 

Hom{An+i, Ker(f)n) Hom{An+i, Ker(j)n-i) is exact, that is Kerdf^ — 

Imd*^^^. Thus (t)n{Onan+l - V^r) = (pridnCln+l - 4>nVQr = /?„a„+i - 
0nAn+l(O, r) = £n+lPn+l " 4+1 (0, to){0, t) = 4+i/3„+i - 4+i^„+i = 0. 

So, Onttn+i - vqT G Ker(t)n and also (/*(6'„a„+i - v^r) = c?„(6l„a„+i - 
vqt) = dnOnttn+i " dn^QT = 6'„„ia„a„+i -0 = 0. 
Therefore 6'„a„+i — i^or G Imd'^_^i; that is; there exists s e 
Hom{An^i, Dn+i) such that 



Let 



a — > (s(a),r(a)) 
Then (0, to)6'n+i(a) = {O,to){s{a),r{a)) where a e 

= tor{a) 

Therefore, {O,to)0n+i = f^n+i- Moreover, \n+iOn+i = Xn+i{s,r) = 
dn+is + i^or = 6'„a„+i(by (**) and diagram (1)). 

Secondly, let's find 9n+2- We know that (0, to)A„+2 = 0. Since (0, to)(^n+iOn+2) 
and ti : Ei — > Kerto is an A:'-precover, there exists ri : An+2 — ^ -E'l 
such that tiTi = ran+2- Since Hom{An+2, L"') is exact, 

d* d* 

Hom{An+2,Dn+2) Hom{An+2,Dn+i) Hom{An+2, Ker(f)n) 
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is exact. Since so„+2 + I'lVi e Hom{An+2, Dn+i) and d^_^_^{san+2 + 
J^in) = dn+i{san+2 + dn+ii^iri) = {Onttn+i " A„+i(0, r))a„+2 + dn+ii^in 
by (**) = -An+i(0,ran+2) + (^n+i«^i?^i - T^oran+2 + dn+ifin - lyohn + 
dn+ii^iTi = 0. So sa„+2 + J^i^'i G Ii^{,dnJ^2)* ■ Thus there exists si : 

An+2 > Dn+2 SUch that Sa„+2 + Z^iri = dn+2Sl. Let 6'n+2 : — ^ 

i:)„+2e-Bi; a — > (si(a), -ri(a)). Then A„+26l„+2 = A„+2(si,ri) = 
(dn+2Si - z^iri,iiri) = (san+2, ran+2) = 6'„+ia„+2- 

Let's find ^n+s- Since Hom{An^3, L""*"-^) is exact, i/om(A„+3, -D^+s © 

£"2) Hom{An+3, Dn+2 © -^i) Hom{An+3, Dn+i © Kerto) is ex- 
act. Since 6'„+2a„+3 G ifom(yl„+3, ^^+2 © £^1) and A;+2(^™+2a„+3) = 

An+2 (6*71+2071+3) = ^n+l(^n+20n+3) = 0, ^n+20n+3 £ -f^erA*_,_2 = /mA*_,_3, 

therefore there exists 9n+3 £ Hom{An+3, -D„+3 © -E'2)- 

Let's find 6'„+fc for k > 3. Since Hom{An+k, L"'~^^) is exact, 
Hom{An+k, Dn+k®Ek-i) ^ Hom{An+k, Dn+k-i®Ek-2) Hom{A, 

Dn+k-2 © ^A;-3) IS CXact. 

Since ^„+fc-iOn+fc £ -f^om(A„+fe, D„+fc_i©£'fe_2) and A*_^^_;^(^„+fe-io^n+fe) 

— '^n+k-l^n+k-lO'n+k = (^n+k-20'n+k-lO'n+k = 0, 6n+k-lO'n+k 

= Im\*^j^f^, therefore there exists e Ho'm{An^k, -Dn+feffi-^fe-i) such 

that A„+fc6'n+fc = 9n+k-lO'n+k- CD 



Lemma 2.4. Let X he closed under finite sum. If every module has an 
X-preenvelope, then every bounded complex has an C {X*) -preenvelope. 



Proof. Let — )■ — )■ E\ — )■ El — )■ ... be a minimal A'-prcenvelope 
resolvent of X^. Let A be an A'*-complex and (3 e Hom{X{fS),A) where 
X(0) : ... ^ — ^ — ^0^0^ .... 
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El — ^ El — ^ Ef 



AO 



where AV° = /3° and since — > A^ with x + Imf ^ a°A°(a;), 



Im<f>° 

there exists : Ef — > A^ such that A^/^ = a°A°. Similarly we can 
define A" e Hom{E^+\ A") such that A*"/" 

-0 ^\ ^1 i\ v2 ^' 



-,n— l^n— 1 



Let X{n) : ...0 — ^ X" ^ ^ ^ ... — > X"" — ^ 
Wc will use an induction on n to prove that X{n) has an C{X*)- 
prccnvelope. At the beginning we proved that X[0) has an C{X*)- 

^o^D" A.... ^ 

preenvelope of X{n) such that 



prccnvelope. Suppose that D{n) 



D 



L>^+i — ^ ... be an C{X* 



X{n) : ...0 



X\.. 



0... 



D(n) : ...0 



D\.. 



Let E' = ... — ^ — > E^ ^ E^ ^ E^ ^ ... be an C{X*)- 
preenvelope of X'^'^^ (where and E^ is in nth place) where t° : 

j^n+i — ^ ^1 jg A'-preenvelope of Thus we have the morphism 
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V making the following commutative diagram: 

X{n) 



D{n) E" 



where = z/°0". ..(*). Since X(n) — )■ D{n) is an C(A'*)-preenvelope, 
we have the diagram 

D{n) = ... — — - 

E' = ... E^ E"" - 



...(1) Let C be the mapping cone of ly : D{n) — )■ E* . So C = ... — > 
... where 

A"(x) = {(r{x),u^{x)) 

and for A; > 1 

We show that X{n + 1) ^ C is an C(A:'*)-preenvelope of X{n + 1). 
Claim: Let L'^ = coker{X{k) D{k)) where k e {0, l,...,n} and 
then 

L° : ... ^ coker{(jP) El 4 El 
L"-^ : ... coker^/"-^ ^ L»" ^ ... 
L" : ... ^ cokerr ^ D^+^ ^ L>"+2 ... 
L"+^ : ... ^ coA:er(/*" ^ © cokert^ ^ D''+^ © jjn+3 © ^3 

where Ai"'"^(x,y) = A"'+^(x,a) and y = a -\- Imfi for a e E"^. We 
claim that for every 5" e C{X*), Hom{L'^, S) is exact where k e 
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{0, 1, n,n+ 1}. It is understood easily that Hom{L^, S) is exact. It 
is enough to prove that if Hom{L^, S) is exact, then Hom{L'^'^^, S) is 
exact. We have the following diagram between L" and : 

...cokercf/" ^ ^ D"^^. 



.cokercf)" 



e cokerf 



n+l 



jjn+3 ^ ^3 



^►O^^O^^... ^►O^^ cokerf ^ ... i 



IS 



And so, 

a resolution of cokert^, and hence Hom(^j^, S) is exact where S is 
an A'*-complex. Since — )■ L'' — )■ — ;> — is split exact, 
we have an exact complex — )■ Hom{^j^, S) — ?■ Hom^L^^^jS) — )■ 



HomiL'', S) 0. Therefore Hom{^, S) and Hom{L'^, S) are exact 
, so Hom^L^^^, S) is exact. 

Let A e C(A'*). Then we have the diagram as follow: 



...X' 



X 



n+l 



dP 



(o,t°) 



gn+2 



where the : X' ^ A' are maps such that = •-, ^"'Z''' = 
First, we will find ^"+1 such that ^"+iA" = a"^" and ^"+^(0, t°) = 
Moreover A"0" = (0,t°)r by (*). Since : — > and 

74"^"*"^ G X and f° : X""*"^ — )■ E^ is an A'-preenvelope, there exists 
r:E^ — > such that = rt°. 

Since Hom{U'-\ A"+i) is exact where G A", ... ^ Hom{D''+\ 

^ ^' Hom{D'',A''+^) Hom{coker(j)'"-\A''+^) -+ ... is exact, 

that is, Ker{di''-^y = Im{dy. 
Claim: a"6'" - ru'^ G Xer(di"~^)*. 
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Since ((ir"^)*(a"r-rz/o) = (a"r-ri/°)rfr-^ = ol^O^'di''-^ -ruod^''^ = 
an0n^n-i diagram (1). Since ^^"^(a; + Imcf)''-^) = a''-^0''-^{x) 
where x G D^^'^ a"^"rfi''-^ = 0. So a'^^" - ri^° e Keridi""'^)* = 
Im{d'^)* and hence there exists s e Hom{D'^~^^, A^'^^) such that — 
rv^ = sd"" ...(**) 

Let 6*"+^ : e ^ with (a, 6) ^ s(a) + r(6). Then 

r+i(0,i°)(x) = 6'"+i(0,t°(x)) = rf{x) = where x e X"+i. 

Therefore ^'^+i(0,t°) = 

Moreover, 6'"+iA"(a;) = ^"+i(A''(a;)) = z^°(x)) = a"^"(x) - 

ri'°{x) +ri^°{x) by (**) 

Therefore = a"^. 

Secondly, let's find ^"+2. We know that A"+i(0,t°) = 0. Since a 
cokert^ — ^ ^^{\\^ x + 7mt° 1— >■ — a"'"'"''"r(x) is a map and t\ 

cokert^ — > E'^ is an A'-preenvelope where tjvr = t^, there exists 
^2 — ^ g^pj^ ^j^g^^ ^.1^1 ^ ^_ gjj^^g ifom(L",A"+2) is exact, 

is exact, and so /m(((i"+^)*) = Ker{d'^)*. 
Claim: -a^^+^s + rV^ G Ker{d'')*. 

(rf")*(-o"+is + r^i) = (-a"+is + rVi)(i'^ = -a"+^s(i'" + rVM" = 
-a"+^(a"6'" - ri/°) + rV^d" by(**) 
= o"+Vi/0 + rVM" = a"+Vi/° + r^tV°by diagram (1) 
= a"+Vz/°+r^fj7rz/° = a"+Vzy° +a7rz/° = a'^+^rv^ -a^'^^^ry^ = 0. There- 
fore -a^+^s+rV^ G /m(ci"+i)*. So there exists G H om{D''+^ , A''+'^) 
such that — a^+^s + r^v^ = s^d^~^^. 

Let ^"+2 : L>"+2 — )► ^"+2 with (x, |/) ^ s\x) + ri(t/) 
Then ^"+2A"+na;, v) = 0''+^{-d''+\x),iy\x)+t\y)) = s\-d''+\x)) + 
r\u^{x) + t\y)) = -sM"+i(a;) + r^u^{x) + rH^{y) = a"+^s(a;) - 
r^u^{x) + rV^(x) + rH^iy) = a^'+hix) + rH^{y) = a''+^e'^+\x, y). 
Let's find 9''+^. Since Hom{L''+\ is exact, Hom{D'^+^®E^ , 

^ ii"om(D'^+2 ^ ^ '-^ ^ i/om(D'^+i ©cofcer(t°),A"+3) is 

exact. Since 0"+^^"+^ g Hom{D"+'^ © E/^^ ^"+3) and 

(A'^+i)*(a"+2r+2)(x,y) = a"+2^"+2A"+i(a;,a) = o"+2^"+ir+i(x, a) = 

where y = a + Im{t^) and a G i?^, wc have that 

, therefore there exists 6*"+^ G Hom{D''+^ ® such that 

^n+2^n+2 _ qu+S yi+2 
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Let's find 6*"+^ for k > 3. Since Hom{U'+\ is exact, Hom{D''+''® 

(\n-\-k — l\* j'\n + A; — 

^k-2^j^n+k^ is exact. 

Since Qn+fc-i^n+fe-i ^ Hom{D''+''-^ E'^-^ and 

^^n+fc— 2^* ^^n+fe— l^n+fe— 1^ ^n+fe— l^n+fe— l^n+fe— 2 ^n+fe— l^n+fe— 2^n+fe— 2 

= 0, Qn+fc-i^n+fe-i g 7rn(A"+'=-^)*,and SO there exists e Hom{D"+''® 

Again using the tecnique of Ahna lacob we can give the following result. 

Proposition 2.5. Let X be a class of modules with closed under direct 
sum. If every module has an X-precover, then every hounded above 
complex has a C{X*)-precover. 

Proof. Let X{n) : ... ^ ^ X„ ^ -)■... ^ Xi ^ Xq ^ and 

X = lm^X{n). (Then X ^ ... ^ X2 ^ X^ ^ Xq ^ 0). 

By Lemma 2.3, we know that X{n) has a C(Af*)-precover such that 

— )■ — )■ D(n) — )■ X{n) where L" is the kernel of {D{n) X{n)) 

and Hom{S, L") is exact for any A'*-complex S. 

Let L = lirr^Li^ and so — L\ for any A; > 0. 

Using the proof of Lemma 2.3 we can say that Hom{S, L^+i) — )■ Hom{S, Lk 
Hom{S, Lk_i) is exact, that is, Hom{S,L) is exact. We show that 
linj D{n) — )■ X is a C(A:'*)-precover. 

Let D = lirrjD{n) and f3 G Hom{A,X) where A is an A'*-complex. 
Again using the proof of Lemma 2.3 we can find (j) G Hom{D, X). 
Then LO = Ker(t)o, V- = Kercj)^, L'^ = Ker(t)2, ... 
We have the diagram; 



02 



A, 



ai 



D, D, Do 



ao 



4>o 



€2 



Xn 
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where 0otto = /?o, (piri = A, (piTi = Pi, .... 

Then ^o(aoai-rfiri) = 0o«o«i-0oc?i'"i) = ^oai--^i0in = /3oai-^i/3i = 
0. 

Thus ao^i — c^i'^i ^ Hom{Ai, Ker(j)o = Lq). Since Hom{Ai, L) is 
exact, there is si G Ho'm{Ai, Li) such that aoai — (iiri = diSi. Let 
«! = Si + ri. Then 0iai = + ri) = (^iSi + 0iri = 

If we continue in this way, then we can find G Hom{Ai, Di) such 
that diOi = aj-iOj. Thus D X is a. C(A:'*)-precover. □ 

Using the modification to complexes of Corollary 5.2.7 in [5] we can 
give the following result. 

Corollary 2.6. Let X be a class with closed under direct sum and 
C{X*) be closed under direct limit. If every module has an X-precover, 
then every bounded complex has a C{X*)- cover. 

Theorem 2.7. Let X be closed under direct sum and extension closed 
. Let C{X*) be closed under inverse and direct limit. If every module 
has an X- cover, then every complex has a C{X*)- cover. 

Proof. First we will show that every complex has C(A'*)-precover if X 
is a class of modules with extension closed and closed under direct sum 
and C{X*) is closed under inverse limit. And then modifying Corollary 
5.2.7 in [5] we can find a C(A'*)-cover if C{X*) is closed under direct 
limit. 

Let X : ... ^ X2 ^ Xi ^ Xo ^ X_i ^ ... and let : ... ^ Xi ^ 
Xo X^i ... X^n ^ ^ .... So l^r" = X. 
We see that has a C(A'*)-precover D"^ : ... — > Di — > Do — > — > 
... — 7- D^n — )■ — 7- ... such that 

D-n = 

where ...—)■ i?^ —> i?^ —> i?^ X^ — )■ is a minimal A'-precover 
resolvent of X^ for k > —n. 

Then = ... ^ Xq ^ Xi ^ ... ^ ^ ^ ... and 

by the proof of Proposition 2.5 the C(A'*)-precover of D""^^ = 

... ^ El„_i © D^n E^_„_, ^ .... 

Let T" = Ker{(p : — )■ F") and then again by the proof of Proposi- 
tion 2.5, T"+i = ...^!„_i © El^ © Ker(j)^n+i ^ ^l„-i © Ker(j)_n ^ 
Ker(j)^n-i 0, 

T" = ... ^ © Ker<j)_n+i Ker4>_n 0. 
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Then Ker(T"+i T") = ... ^ El^_-^ E\^_^ Ker(t).n-i ^ 
is the kernel of a C(Af*)-cover of F-n-i- By Wakamatsu's Lemma 
Hom{S, T""*"^) — i- Hom{S, T") — )• is epic for any A'*-complex S. 
Since we have the exact sequence — i- T" — i- and is 

a C(A'*)-cover of y"", we have the exact sequence — t- Hom{S,T^) — ?■ 
Hom{S, D") Hom{S, -)■ for any A'*-complex S. 
By the modification of Theorem 1.5.13 and 1.5.14 in [5j we have the 
following exact sequence; — )■ Hom{S, ^mT") — > Hom{S, ^mD") — )■ 
Hom{S, Jimy") ^ 0. So, Jimi:''^ is a C(A'*)-precover of X. □ 

Dually, we can say the following theorems without proof; 

Proposition 2.8. Let X he closed under direct sum. If every module 
has an X-preenv elope, then every right hounded complex has a C{X*)- 
preenvelope. 

Using the modification to complexes of Corollary 6.3.5 in [5] we can 
give the following result. 

Corollary 2.9. Let X he a class with closed under direct sum and sum- 
mands and C{X*) he closed under inverse limit. If every module has 
an X -preenvelope, then every hounded complex has a C{X*)- envelope. 

Theorem 2.10. Let X he closed under direct sum and summands and 
extension closed and C{X*) he closed under inverse and direct limit. 
If every module has an X -envelope, then every complex has a C{X*)- 
envelope. 
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